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Bacterial growth

↵ branching process: Galton and Watson, 1873



Bacterial growth: simplest model ↵
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Luria and Delbruck: 
experiments and theory, 1943

at Cold Spring Harbor Laboratory



Deterministic growth, random mutations

Works for large times and large number of cells 
But: e.g. oldest clone is largest

time
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Prediction for clone size
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Bartlett ’55, Kendall ’60: 
added random growth

Branching process:  - Cells are independent
- Exponential waiting times
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Galton and Watson, 1873



Strong stochastic effects; same fitness, no mutations

Stop when 15 cells

How many mutants are most likely?



Stop when 2 green cells

How many mutants are there on average?

Strong stochastic effects; same fitness, no mutations



Results at reaching given size
Angerer 2001: immortal cells, neutral mutations 
Cheek, A 2017: immortal wild-type 

Results at given time
Krapivsky, A 2010 

Explicit formulas for finite times
But complicated, hard to get insights
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Exact results for finite times or sizes
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We are interested in the process at a fixed time t, and at the random
times

σn := inf{t ≥ 0 : A(t) +B(t) ≥ n}

and
τn := inf{t ≥ 0 : A(t) ≥ n},

for n ∈ N. Trivially, σn ≤ τn.
A classic application of the model is the emergence of drug resistance in

cancer. Here, type A and B cells represent drug sensitive and resistant cells
respectively. While the age of tumour is typically unknown, its size can be
measured. Thus the times σn are relevant.

Another interpretation of the model is metastasis. Here, type A cells make
up the primary tumour, and the clones represent secondary tumours. In this
case the times τn are relevant.

3. Large time and population limits. Keeping the mutation rate
fixed, the long-term behaviour of the model is mostly already well under-
stood. Durrett and Moseley [10] study the case λA < λB . Janson [16] studies
a broad class of urn models, which encompasses Kendall’s model in the case
λA > λB . We do not present results as detailed as Janson’s. Our aim for
this section is not to offer a comprehensive study, but rather bring together
basic results which give valuable insight.

First we make note of a classic result:

lim
t→∞

e−λAtA(t) = W(1)

almost surely (see [3] or [8]). Here,

W
d
=

a
!

i=1

χiψi,

where the χi ∼ Bernoulli(λA/αA) and the ψi ∼ Exponential(λA/αA) are
independent.

Remark 3.1. The event that the wildtype population eventually becomes
extinct agrees with the event {W = 0} almost surely.

We see a trichotomy, depending on the relative fitness of wildtype and
mutant cells. Part 1 of Theorem 3.2 is a special case of Theorem 3.1 of [16],
and part 3 was given in [10].

Stop process                    when reaching fixed finite size(A(t), B(t))t�0
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6. Finite size results. For simplicity, we consider (A(0), B(0)) = (1, 0)
in this section. However, it should not be too difficult to extend to arbitrary
initial cell numbers.

As far as we are aware the best result comes from Angerer [1], who de-
termines the distribution of B(σn) in the neutral mutation pure birth case.

Proposition 6.1 (Angerer). For αA + ν = αB and βA = βB = 0,

P[B(σn) = k] =
1

(n− 1)!

n−k
!

i=1

(−1)i−1

"

n− k − 1

i− 1

# n−1
$

j=1

%

j −
iαA

αB

&

.

For B(τn) we consider non-neutral mutations and allow for death of mu-
tant cells.

Proposition 6.2. For βA = 0,

B(τn)
d
=

n−1
!

i=1

Ki(ξi)
!

j=1

Yi,j(Ui,jξi),(9)

where (Ki(t))t≥0 are Poisson processes with intensity ν, Yi,j(·)
d
= Yi(·),

ξi ∼Exponential(αA), and Ui,j ∼Uniform[0,1], which are all independent.

To interpret (9), let’s consider a randomly selected type A cell, labelled
i, of the n − 1 cells present just before time τn. The cell has been alive for
time ξi, and initiated Ki(ξi) mutant clones, with mutation times (1−Ui,j)ξi
for j = 1, 2, ..,Ki(ξi). The clone sizes are Yi,j(Ui,jξi).

The generating function of B(τn) is

E[zB(τn)] =

'

1

1 + λBν
αAαB

F

"

1, ν/αB

1 + ν/αB + αA/λB
;
qB − z

qB − 1

#

(n−1

.

Again, for λB > 0, limk→∞ k1+αA/λBP[B(τn) = k] ∈ (0,∞) exists (see re-
marks 4.4 and 5.3). The limit can be obtained using the method of [19]
(which is based on [11]), but is too cumbersome to include here. Power-law
tails have often appeared in two-type branching processes, but were gener-
ally considered to be an artefact of approximation [10, 34]. For an explicit
example where the power-law tail is apparent, take αA = αB = 1 and
βA = βB = 0, then P[B(τ2) = k] = ν[(ν + k)(ν + k + 1)]−1.

The mean number of mutant cells at time τn is

E[B(τn)] =

)

(n−1)ν
αA−λB

, λB < αA;

∞, λB ≥ αA.

Mutations:

Metastasis:



12 D. CHEEK AND T. ANTAL

6. Finite size results. For simplicity, we consider (A(0), B(0)) = (1, 0)
in this section. However, it should not be too difficult to extend to arbitrary
initial cell numbers.

As far as we are aware the best result comes from Angerer [1], who de-
termines the distribution of B(σn) in the neutral mutation pure birth case.

Proposition 6.1 (Angerer). For αA + ν = αB and βA = βB = 0,

P[B(σn) = k] =
1

(n− 1)!

n−k
!

i=1

(−1)i−1

"

n− k − 1

i− 1

# n−1
$

j=1

%

j −
iαA

αB

&

.

For B(τn) we consider non-neutral mutations and allow for death of mu-
tant cells.

Proposition 6.2. For βA = 0,

B(τn)
d
=

n−1
!

i=1

Ki(ξi)
!

j=1

Yi,j(Ui,jξi),(9)

where (Ki(t))t≥0 are Poisson processes with intensity ν, Yi,j(·)
d
= Yi(·),

ξi ∼Exponential(αA), and Ui,j ∼Uniform[0,1], which are all independent.

To interpret (9), let’s consider a randomly selected type A cell, labelled
i, of the n − 1 cells present just before time τn. The cell has been alive for
time ξi, and initiated Ki(ξi) mutant clones, with mutation times (1−Ui,j)ξi
for j = 1, 2, ..,Ki(ξi). The clone sizes are Yi,j(Ui,jξi).

The generating function of B(τn) is

E[zB(τn)] =

'

1

1 + λBν
αAαB

F

"

1, ν/αB

1 + ν/αB + αA/λB
;
qB − z

qB − 1

#

(n−1

.

Again, for λB > 0, limk→∞ k1+αA/λBP[B(τn) = k] ∈ (0,∞) exists (see re-
marks 4.4 and 5.3). The limit can be obtained using the method of [19]
(which is based on [11]), but is too cumbersome to include here. Power-law
tails have often appeared in two-type branching processes, but were gener-
ally considered to be an artefact of approximation [10, 34]. For an explicit
example where the power-law tail is apparent, take αA = αB = 1 and
βA = βB = 0, then P[B(τ2) = k] = ν[(ν + k)(ν + k + 1)]−1.

The mean number of mutant cells at time τn is

E[B(τn)] =

)

(n−1)ν
αA−λB

, λB < αA;

∞, λB ≥ αA.

Cheek, A, 2017

P[B(⌧2) = k] =
⌫

(⌫ + k)(⌫ + k + 1)

, for ↵A = ↵B = 1,�A = �B = 0
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Theorem 3.2 (Large time limit). The following limits hold almost surely.

1. For λA > λB,

lim
t→∞

e−λAtB(t) =
ν

λA − λB
W.

2. For λA = λB,
lim
t→∞

t−1e−λAtB(t) = νW.

3. For λA < λB,
lim
t→∞

e−λBtB(t) = V.

The limit random variable W comes from (1). The limit random variable
V is [0,∞)-valued with mean

E[V ] =
aν

λB − λA
.

The full distribution of V is given in [2], which we do not state here for the
sake of brevity.

For λA ≥ λB , conditioned on wildtype non-extinction, any individual
clone ultimately makes up zero proportion of the mutant population. That
is to say, conditioned on W > 0,

lim
t→∞

Yi(t− Ti)

B(t)
= 0

almost surely. We say that the mutant population is driven by the wildtype
growth. This is seen in the limit random variables’ dependence on W .

For λA < λB, early arriving clones make an important contribution to
the mutant population. Conditioned on W > 0,

lim
t→∞

Yi(t− Ti)

B(t)
=

Xie−λBTi

V

almost surely. Note that if W > 0, then V > 0 [10]. The X1,X2, .. are i.i.d.
and equal in distribution to χBψB , where χB ∼ Bernoulli(λB/αB) and ψB ∼
Exponential(λB/αB) are independent. We say that the mutant population
is driven by the clone growth.

As corollaries to Theorem 3.2 we obtain large population limits. Note that
conditioned on W > 0, limn→∞ τn = limn→∞ σn = ∞ almost surely.

Corollary 3.3 (Large wildtype population limit). Conditioned on
W > 0, the following limits hold almost surely.

Usual large time/size limits
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1. For λA > λB,

lim
n→∞

n−1B(τn) =
ν

λA − λB
.

2. For λA = λB,
lim
n→∞

(n log(n))−1B(τn) = ν.

3. For λA < λB,

lim
n→∞

n−λB/λAB(τn) = VW−λB/λA .

Corollary 3.4 (Large total population limit). Conditioned on W > 0,
the following limits hold almost surely.

1. For λA > λB,

lim
n→∞

n−1B(σn) =
ν

λA − λB + ν
.

2. For λA = λB,

lim
n→∞

n−1 log(n)(n −B(σn)) = ν−1.

3. For λA < λB,

lim
n→∞

n−λA/λB (n−B(σn)) = V −λA/λBW.

Note that n − B(σn) = A(σn). In case 1, the wildtype and mutant cells
come to coexist in a constant ratio. In cases 2 and 3, the mutant cells even-
tually dominate the overall population, with

lim
n→∞

n−1B(σn) = 1(2)

almost surely.

4. Large population small mutation limit. See Appendix A for a
generalised model in which the results of this section and Section 5 are valid.
The broader framework covers more general branching processes as well as
semi-deterministic versions of the model (for example [26, 19, 10]).

The large population small mutation limit offers biologically relevant ap-
proximations; a tumour may comprise upwards of 108 cells upon detection,
and mutation rates per base pair per cell division can be around 5 × 10−10

[18]. We are looking to approximate B(σn), for example. If a tumour is ob-
served to have reached size n, then it makes sense to consider the distribution

Janson 2004; Durrett, Moseley, 2010; Cheek, A, 2017



Small mutation limit (Needs also large times or sizes)

Poisson limit

time

size

Clone size = mutant colony with exponential age

Total mutants =     clones
X

Number of clones above given size

Size of largest clone

Lee, Coulson ’49, Keller, A ’15, Cheek, A ‘17 



Small mutation limit, Cheek, A, 2017

(⌫n)n2N lim
n!1

n⌫n = ✓Let              with

For each n use ⌫n in

T (n)
i (·)

Wild-type population
Mutant population
Clone sizes
Number of clones
Mutation times

A(n)(·)
B(n)(·)
Y (n)
i (·)

K(n)(·)
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of B(σn) conditioned on the event σn < ∞. We will always be conditioning
on σn < ∞ or τn < ∞.

Suppose that (νn)n∈N is a sequence of mutation rates satisfying

lim
n→∞

nνn = θ,(3)

for some θ ∈ (0,∞). For each n ∈ N, consider the two-type model with mu-
tation rate νn. For the wildtype population, mutant population, clone sizes,

number of mutations, and mutation times, write A(n)(·), B(n)(·), Y (n)
i (·),

K(n)(·), and T (n)
i respectively. Write

σ′n := inf{t ≥ 0 : A(n)(t) +B(n)(t) ≥ n}

and
τ ′n := inf{t ≥ 0 : A(n)(t) ≥ n}.

First we see a connection between the times τ ′n and σ′n in the large n limit.

Proposition 4.1. Conditioning on τ ′n < ∞,

τ ′n − σ′n → 0

in probability, as n → ∞.

All of our large population small mutation limit results will hold both in
terms of the wildtype population and total population size. That is to say,
using τ ′n or σ′n as the time variable will yield the same distributions in the
large n limit. To save writing each result twice, we introduce the sequence
(ρn), which may refer to (τ ′n) or (σ

′
n).

Underlying all subsequent results of this section is that the times of mu-
tation centered about (ρn) converge.

Theorem 4.2 (Mutations times). Conditioning on ρn < ∞,

K(n)(ρn + t) → K∗(t)

in finite dimensional distributions, as n → ∞. K∗(t) is a Poisson process
on R with intensity θeλAt.

A direct consequence of Theorem 4.2 is that for each i ∈ N, conditioning
on ρn < ∞,

T (n)
i − ρn → T ∗

i := inf{t ∈ R : K∗(t) = i}
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n or ⌧ 0n
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in distribution, as n → ∞. In particular, the time of first mutation centered
about (ρn) converges to a Gumbel distribution:

P[T ∗
1 ≥ t] = exp

!

−
θ

λA
eλAt

"

.

Convergence of T (n)
1 − τ ′n to a Gumbel distribution was already shown in [8].

Next we look at the number of mutants.

Proposition 4.3 (Number of mutants). Conditioning on ρn < ∞,

B(n)(ρn + t) → B∗(t) :=

K∗(t)
#

i=1

Yi(t− T ∗
i )

in finite dimensional distributions, as n → ∞. The Yi(·) and K∗(·) are
independent.

In particular B(n)(ρn) converges in distribution to

B∗ = B∗(0)
d
=

K∗
#

i=1

Yi(ξi),(4)

where K∗ = K∗(0) ∼ Poisson(θ/λA), and ξi are i.i.d. Exponential(λA) ran-
dom variables independent of the Yi(·) and K∗(·).

Here ξi corresponds to the age of a randomly selected clone, and Yi(ξi)
the size of the clone, which has generating function

r(z) = E[zYi(ξi)] = 1− (1− qB)F

!

1,λA/λB
1 + λA/λB

;
qB − z

1− z

"

.(5)

The function F is Gauss’s hypergeometric function, and qB = βB/αB , which
is a clone’s ultimate extinction probability if qB ≤ 1. To obtain (5), use the
generating function of Yi(t), which is given on page 109 of [3].

Clearly B∗ is a compound Poisson random variable (4), and has generating
function

E[zB
∗

] = exp

!

θ

λA
(r(z)− 1)

"

.(6)

This recovers recent results of Kessler and Levine [22] who provided a heuris-
tic derivation of this expression, and Keller and Antal [19] who derived it for

And the first time is Gumbel

The total number of mutants B(n)(⇢n)
d�!

K⇤X

i=1

Yi(⇠i)
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1 − τ ′n to a Gumbel distribution was already shown in [8].

Next we look at the number of mutants.

Proposition 4.3 (Number of mutants). Conditioning on ρn < ∞,

B(n)(ρn + t) → B∗(t) :=

K∗(t)
#

i=1

Yi(t− T ∗
i )

in finite dimensional distributions, as n → ∞. The Yi(·) and K∗(·) are
independent.

In particular B(n)(ρn) converges in distribution to

B∗ = B∗(0)
d
=

K∗
#

i=1

Yi(ξi),(4)

where K∗ = K∗(0) ∼ Poisson(θ/λA), and ξi are i.i.d. Exponential(λA) ran-
dom variables independent of the Yi(·) and K∗(·).

Here ξi corresponds to the age of a randomly selected clone, and Yi(ξi)
the size of the clone, which has generating function

r(z) = E[zYi(ξi)] = 1− (1− qB)F

!

1,λA/λB
1 + λA/λB

;
qB − z

1− z

"

.(5)

The function F is Gauss’s hypergeometric function, and qB = βB/αB , which
is a clone’s ultimate extinction probability if qB ≤ 1. To obtain (5), use the
generating function of Yi(t), which is given on page 109 of [3].

Clearly B∗ is a compound Poisson random variable (4), and has generating
function

E[zB
∗

] = exp

!

θ

λA
(r(z)− 1)

"

.(6)

This recovers recent results of Kessler and Levine [22] who provided a heuris-
tic derivation of this expression, and Keller and Antal [19] who derived it for
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Generating functions follow



Main idea of proof
Use almost sure convergence to prove convergence in distribution
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sequence (11) ranging over n ∈ N on a single probability space (Ω,F,P) in a
way that allows weak convergence to be shown via almost sure convergence.

On (Ω,F,P) define the independent processes (A(t))t≥0, (Yi(t))t≥0 for

i ∈ N, and (N(t))t≥0. As one would expect we take A(·)
d
= A(n)(·) and

Yi(·)
d
= Y (n)

i (·). Take N(·) to be a Poisson counting process with intensity 1.
Define the mutation counting process by

K(n)(t) = N

!
" t

0
νnA(s)ds

#

.

The mutation times are given by

T (n)
i = inf{t ≥ 0 : K(n)(t) = i}.

The total mutant population is

B(n)(t) =

K(n)(t)
$

i=1

Yi(t− T (n)
i ).

So the only dependence on n comes from the mutation times. As before,
define

σ′n = inf{t ≥ 0 : A(t) +B(n)(t) ≥ n}

and
τ ′n = inf{t ≥ 0 : A(t) ≥ n}.

The large population small mutation limit results all involve conditioning
on σ′n < ∞ or τ ′n < ∞. Lemmas 9.1 and 9.2 will demonstrate that the results
can be equivalently formulated by instead conditioning on non-extinction of
the wildtype population.

Lemma 9.1. Suppose that (En)n∈N and (Fn)n∈N are sequences of events,
such that

1. ∀n ∈ N(Fn ⊃ Fn+1),
2. ∩n∈NFn = F , and
3. P[F ] > 0.

Then
lim
n→∞

P[En|Fn] = lim
n→∞

P[En|F ],

if it exists.
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Proof. Write

P[En|Fn] =
P[F ]

P[Fn]
P[En|F ] +

P[En ∩ Fn\F ]

P[Fn]
,

and take n → ∞.

Lemma 9.2.

{W > 0} = ∩n∈N{τ
′
n < ∞} = ∩n∈N{σ

′
n < ∞},

where W is given by (1).

Proof. That {W > 0} ⊂ ∩n∈N{τ ′n < ∞} and ∩n∈N{τ ′n < ∞} ⊂
∩n∈N{σ′n < ∞} should be clear. We show that

∩n∈N{σ
′
n < ∞} ⊂ {W > 0}.

Indeed, fix ω ∈ {W = 0} = {∃t ≥ 0, A(t) = 0}.
Then

! ∞

0
A(t)dt < ∞.

So one can choose sufficiently large n ∈ N such that both

νn

! ∞

0
A(t)dt < sup{t ≥ 0 : N(t) = 0},

and
τ ′n = ∞.

In this case we must have

ω ∈ {∀t ≥ 0,K(n)(t) = 0} ∩ {τ ′n = ∞} ⊂ {σ′n = ∞}.

We will now prove the results of Section 4 by conditioning on W > 0.

Lemma 9.3. Conditioning on W > 0, as n → ∞,

K(n)(τ ′n + t) = N

"

! t

−τ ′n

νnA(τ
′
n + s)ds

#

→ N

$
! t

−∞
θeλAsds

%

=: K∗(t)

and
T (n)
i − τ ′n → T ∗

i = inf{t ∈ R : K∗(t) = i}

almost surely, for each t ∈ R.

Define single (A(t))t�0 and also (N(t))t�0 to be a Poisson (1) counting process



Power-law tails are general

Mode = 1
Median = 1
Mean = oo
Power-law tail

Y = clone size

For immortal neutral mutants

P (Y = k) =
1

k(k + 1)
⇠ 1

k2

�A = 0

P (Y = k) / 1

k�A/�B+1



Data from Bozic ’13, Nicholson, A ‘15
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n number of mutants

P (V = n)

Keller, A '15

total number of mutants: large population - small mutation
✓ = Nµ = 1



Other questions

Hitting times, relapse of cancer

Response to drugs, resistance

Mutations at many sites, site frequency spectrum

Competing pathways
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Number of sites mutated in k cells
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Mutations in cancer: Williams 2016
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SNVs alone. Notably, every case was verified as neutral by at least two 
different variant sets. These results suggest that neutral evolution can 
be robustly assessed from mutations anywhere in the genome.

Mutation rate analysis of the neutrally evolved gastric cancers  
(Fig. 2d) showed that cancers with MSI had a more than fourfold higher 
mutation rate ( e = 3.30 × 10−6) than MSS tumors ( e = 7.82 × 10−7; F test,  
P = 1.35 × 10−4). The results were robust to copy number changes 
when the analysis was performed using only variants in diploid 
regions (Supplementary Fig. 5). The mutational signature of the 
variant calls for this cohort was also consistent across the frequency 
spectrum (Supplementary Fig. 6). Synonymous versus nonsynon-
ymous mutation rates were also consistent with neutral evolution 
(Supplementary Fig. 7). See Supplementary Data Set 2 for a sum-
mary of the data from Wang et al. used.

Neutral evolution across cancer types
We then applied the neutral model to a large pan-cancer cohort 
of 819 exome-sequenced cancers from 14 tumor types from 
the TCGA Consortium (which included the 101 colon cancers  

previously examined). All of these samples had been preselected 
for high tumor purity ( 70%). The fit of the model was remark-
ably good across cancer types (Fig. 3a), with 259 of 819 (31.6%) 
cases showing R2 0.98. We found that neutral evolution seemed 
more prominent in some tumor types, such as stomach (validat-
ing the whole-genome sequencing analysis), lung, bladder, cervical 
and colon cancers. Other tumor types showed a consistently poorer 
fit, indicating that the clonal dynamics in these malignancies were  
typically not neutral, such as in renal cancer, melanoma, pancreatic  
cancer, thyroid cancer and glioblastoma. Consistent with these 
results, non-neutral renal carcinoma has been shown to display 
convergent evolution in spatially disparate tumor regions driven 
by strong selective forces7, whereas the same phenomenon was not 
found in more neutral lung cancer29,30. Other tumor types displayed 
mixed dynamics, with some cases that were characterized by neutral 
evolution and some that were not. We note that a proportion of 
melanoma samples in this cohort are derived from regional metas-
tases and not primary lesions, and this could potentially explain the 
lack of neutral dynamics observed.
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Figure 2 Neutral evolution across the whole 
genome of gastric cancers. (a) A large number 
of coding and noncoding mutations can be 
identified using whole-genome sequencing.  
(b) All detected mutations precisely accumulate 
as 1/f following the neutral model in this 
example. (c) Neutral evolution is very common 
in gastric cancer, with 60 of 78 (76.9%) 
samples showing goodness of fit for the neutral 
model R2  0.98 (red line). This was consistent 
using all, exonic or noncoding subclonal 
mutations. The same tumors were identified 
as neutral by all three methods, although 
limitations in detecting neutrality were present 
when considering exonic mutations because  
of the limited number of variants. WGS,  
whole-genome sequencing. (d) Mutation  
rates were more than four times higher in MSI 
( e = 3.30 × 10−6) than in MSS ( e = 7.82 × 10−7)  
tumors (F test, P = 1.35 × 10−4), consistent with 
the underlying biology.
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Figure 3 Neutral evolution and mutation rates across cancer types. (a) R2 values from 819 cancers of 14 different types supported neutral evolution in 
a large proportion of cases (259/819; 31.6% with R2 0.98; red line) and across different cancer types, particularly in stomach (validating the whole-
genome sequencing analysis), lung, bladder, cervical and colon cancers. On the contrary, renal cancer, melanoma, pancreatic cancer, thyroid cancer and 
glioblastoma were characterized by non-neutral evolution. The other types displayed mixed dynamics. (b) The highest mutation rates were found in lung 
cancer. Lower rates were found in thyroid cancer, lower-grade glioma and prostate cancer. Box plots show the median, first and third quartiles (box), and 
the lowest data point that is 1.5 times the interquartile range (IQR) of the lower quartile and the highest data point still within 1.5 times the IQR of the 
upper quartile (whiskers) of the data; circles are outlying data points.
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Mutations at multiple sites

Infinite sites model is not applicable to cancer, [Kuipers 2017]
So take finite sites

Total population (C(t))t�0 birth-death process with ↵,�

Mutations to each site to one daughter at rate µ

Bi(t) : number of cells with site i mutated
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Remark 7.1. For our purposes, we do not need to specify the joint dis-

tribution of (Z [1]
i , Z [2]

i )Si=1.

Remark 7.2. As in Kendall’s model, we neglect back mutations, and
neglect the event that a cell division sees both daughter cells receiving the
same mutation (see [24] for a biological justification).

For each i ∈ {1, .., S}, let Bi(t) be the number of cells at time t with
zi = 1.

Now we establish the connection between the two-type model and multiple-
site model. Put α = αA + ν = αB, β = βA = βB , µα = ν. Then for each
i,

(C(t)−Bi(t), Bi(t))t≥0
d
= (A(t), B(t))t≥0.

The site frequency spectrum is defined to be the number of sites who see
mutations in a given number of cells, i.e. the sequence

!

S
"

i=1

1{Bi(t)=k}

#

k∈Z≥0

.

By linearity of expectation, the mean site frequency spectrum is determined
by

E

$

S
"

i=1

1{Bi(t)=k}

%

= SP[B(t) = k].(10)

Antal and Krapivsky [19] found the distribution of B(t), by solving the
Kolmogorov equations. For brevity, we do not state their result. To see the
mean site frequency spectrum at a fixed population size, define

σn := inf{t ≥ 0 : C(t) ≥ n},

as in the two-type model. Then for β = 0 and C(0) = 1,

E

$

S
"

i=1

1{Bi(σn)=k}

%

= S
1

(n− 1)!

n−k
"

i=1

(−1)i−1

&

n− k − 1

i− 1

' n−1
(

j=1

[j − i(1− µ)] ,

by Proposition 6.1, which was due to Angerer [1].
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Connection to two-type process for neutral mutants: 
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We briefly comment on the long term behaviour of the site frequency
spectrum. The number of sites who are mutated in a given number of cells
converges to zero: for any k ≥ 1

lim
t→∞

S
!

i=1

1{Bi(t)=k} = 0,

almost surely. Let x ∈ [0, 1). The number of sites who are mutated in at
least proportion x of the population converges to S:

lim
n→∞

S
!

i=1

1{Bi(σn)≥xn} = S,

almost surely, due to (2).
Now we look at the large population/time small mutation limits. Take

a sequence of mutation probabilities (µn)n∈N. For each n ∈ N consider the
multiple-site model with mutation probability µn, birth rate α, and death
rate βn = β(1− µn) (with λ = α− β > 0). Write C(n)(t) for the population

size and B(n)
i (t) for number of site i mutants at time t. Write

σ′n := inf{t ≥ 0 : C(n)(t) ≥ n}.

The purpose of choosing the sequence of death rates (βn) in this way is to
allow for a straightforward adaptation of the two-type results.

Proposition 7.3 (Large population small mutation limit). Suppose that
(µn) satisfies

lim
n→∞

nµnα = θ,

for some θ ∈ (0,∞). Then

lim
n→∞

E

"

S
!

i=1

1
{B(n)

i (σ′
n)=k}

#

#σ′n < ∞

$

= SP[B∗ = k],

where B∗ is distributed according to (4) with α = αA = αB and β = βA =
βB.

Proposition 7.4 (Large time small mutation limit). Take a sequence
of times (tn) converging to infinity, with

lim
n→∞

eλtnµnα = η,

Take a sequence ↵,�(1� µn), µn

Power-law tail:

/ 1

k�A/�B+1
=

1

k2



Thanks.


